Abstract. In this paper, we give a concrete description of the higher homotopy groups (n > 0) of the mapping space Map dgAlg k (R, S) for R and S unbounded differential graded algebras (DGA) over a commutative ring k. In the connective case, we describe the relation between the higher (negative) Hochschild cohomology HH −n+1 k (R, S) and higher homotopy groups πnMap dgAlg k (R, S), when n > 1.
Introduction
Our work is based on the recent paper [4] . Given a (symmetric) monoidal model category (C, ⊗) and a compatible model structure on the category of monoids C ⊗ (with underlying weak equivalences and fibrations of C). Suppose that we have a Dwyer-Kan model structure on the category of small C-enriched categories Cat C (weak equivalences are homotopy enriched fully faithful and homotopy essentially surjective functors). The main idea is that the mapping spaces Map of these three model structures are closely related under some assumptions (six Axioms (2) described in [4, section 3] ). The none obvious axiom is the third one 2.4. Our paper is a concrete application of this idea in the setting, where
• C is the symmetric monoidal category of unbounded differential graded modules (DG modules for short) over a commutative ring k [7] . • C ⊗ is the model category of unbounded DG k-algebras [11] .
• Cat C is the model category of (small) DG categories, denoted by dg-Cat [13] .
Before going to our main point, we illustrate the previous idea in the topological setting when C = Top. There is a well known fiber sequence (Cf. [4, p. 6] ) for given topological groups G and H, which is map * (BH, BG) → map(BH, BG) → BG, (0.1)
where BG and BH are the classifying spaces of G and H. Notice that if G and H are discrete groups, then π 0 map(BH, BG) = Rep G (H) is the set of equivalence classes of representations of H in G. The interpretation in the categorical setting is as follows. Let Cat Top be the model category of small topological categories [2] , where weak equivalences are Dwyer-Kan equivalences. Denote by Top ⊗ the model category of topological monoids. The previous fiber sequence (0.1) has a modelcategorical translation in terms of mapping spaces:
where G (resp. H) is the topological category with one object and endomorphism monoid G (resp H). Here, we had supposed that G and H are topological groups. The fiber sequence (0.2) is still valid for topological monoids. and coincides with 0.1 in the case where G and H are topological groups. The goal in this paper is the construction of fiber sequence (0.2) in the unbounded differential graded setting (Cf. 
Notations
In what follows, all model structures are defined by taking homology isomorphisms for weak equivalences and degree-wise surjections for fibrations.
• k is a fixed commutative ring of any characteristic.
• dgMod k the stable symmetric monoidal closed model category of differential graded k-modules. Our convention is the cohomological gradation i.e., the differentials increase the degree by +1.
• The (derived when necessary) tensor product over k of differential graded k-modules is denoted by ⊗.
• dgAlg k is the model category of unbounded differential graded k-algebras [11] i.e., the category of monoids in dgMod k .
• dgAlg R (differential graded R-algebras) is the model category of graded differential k-algebras under a fixed graded differential k-algebra R, i.e., objects are morphisms R → A in dgAlg k .
• dgAlg R−S is the model category of graded differential k-algebras under a fixed graded differential k algebras R and S i.e. objects are pairs of morphisms R → A, S → A in dgAlg k .
• For any differential graded k-algebras R and S we denote by dgMod R−S the stable model category of differential graded R − S-bimodules. The category dgMod 0 R−S is the model category of pointed DG R − S-modules i.e., objects are coming with an extra map k → M .
• We denote the derived mapping space of a model category by Map.
• The n-th homology group of a differential graded k-algebra R is denoted by H n R • The suspension functor Σ : dgMod R → dgMod R is defined as follows (ΣM ) n = M n+1 . Obviously, this functor has an inverse denoted by Σ −1 .
• Let R ∈ dgAlg k , we denote the derived category of R by D R which is the homotopy category of DG R-modules, i.e., Ho(dgMod R ). For more details Cf. [7] .
0.1. Ext functor and Hochschild cohomology. In this paragraph, we recall a well known translation between notions defined in Algebraic Geometry and Algebraic Topology. We use the same conventions as in [6] . Let R ∈ dgAlg k , and M, N ∈ dgMod R . In the stable model category of dgMod R [7, 8] and for n ∈ Z,
Remark 0.1. Our gradation is the same as in [8] and opposite to the one used in [7] .
Remark 0.2. Recall that the model category dgMod R is naturally pointed, and the functor Σ −1 is the loop functor. Therefore, it follows by [7, Lemma 6.1.2] , that for any n ≥ 0 there is a weak homotopy equivalence of pointed simplicial sets, where the base point is the zero morphism,
For n ≥ 0, we have the following group isomorphisms:
Remark 0.3. If R is a k-algebra and M, N are any two R-modules i.e., R, M and N are DG modules concentrated in degree 0, then Ext
Definition 0.4. Let R ∈ dgAlg k and let M be a DG R-bimodule. The Hochschild cohomology of R with coefficient in M is defined for all n ∈ Z, by
If M = R, we denote the Hochschild cohomology of R with coefficient in R simply by HH * k (R). Remark 0.5. The correct definition for the Hochschild cohomology HH
, but we took the liberty to denote the derived tensor product as an ordinary tensor product! Remark 0.6. For any DG R-module N , we recall that (Cf. [8] )
Remark 0.7. When the homotopy groups are computed without mentioning the base point, it will mean that the base point is the null morphism.
For any DG algebra R and any R-bimodule M, the usual definition of the Hochschild cohomology is given by HH * [3, 3.14] ), where Hom R⊗R op (R, −) : dgMod R−R → dgMod k , is the right (derived) functor having as left (derived) adjoint R ⊗ −. If n ≥ 0, applying [4, Theorem 2.12], we obtain the following group isomorphisms
R⊗R op (R, M ). Remark 0.8. In order to be clear, by derived functor of Hom R⊗R op (R, M ) we mean the right derived functor RHom R⊗R op (R, M ).
Main results
We start by fixing a morphism φ : R → S in dgAlg k (such that S is a strict DG k-algebra 2.9). Our main result concerns the higher homotopy groups of the mapping space
⊗ n for n > 1. We give an explicit long exact sequence relating these higher homotopy groups with H * S and (negative) Hochschild cohomology HH * k (R, S). Moreover, we study the case
There is an exact sequence of groups
where HH Theorem B (cf. 3.8)
There is an exact sequence of abelian groups
. . where S is seen as an R-bimodule via φ.
Lemma C (cf 4.2)
If R is a connective DG k-algebra, R ⊕ M a connective, square-zero extension, with φ : R → R ⊕ M the obvious inclusion, then for all n > 1
The six Axioms
We verify the six Axioms described in [4, section 3] , for the following categories dgMod k , dgMod R−S and dgAlg k . These Axioms will be proved and defined in details (essentially the third Axiom 2.6) the rest are more or less obvious in our setting.
2.1. Axiom I. [4, 3.1] The model structures on dgMod S , dgMod R−S and dgAlg k are all compatible in the sense that the weak equivalences and fibrations are the underlying weak equivalences and fibrations in dgMod k . Hence, there is nothing to verify.
Axiom II. [4, 3.2] Let dgMod
0 R−S denote the category of pointed DG R − Smodules X i.e., coming with a morphism k → X in dgMod k . The second axiom requires the existence of a Quilen adjunction
since all the involved categories are locally presentable [12, proposition 3.7] . The forgetful functor U commutes with limits and directed colimits, therefore the left adjoint exists by [1, p. 65] . The existence of a model structure on dgMod
(where weak equivalence and fibrations are underlying weak equivalences and fibrations of dgMod R−S ) is guaranteed by [7, Proposition 1.1.8]. Moreover, it is a Quillen adjunction since fibrations and weak equivalences are those of the underlying category dgMod k , by definition. We denote the image of the unit 1 ∈ k → X also by 1 ∈ X. Now, we give a concrete description of the functor F .
Definition 2.1. The DG R − S-algebra F (X) is the quotient of the free DG kalgebra
subject to the following relations:
n times ∼ 1 and the differential of 1 is 0.
(2) For any s ∈ S and any
(3) For any r ∈ R and any
Remark 2.2. The first relation (1) of the previous definition 2.1 is actually redundant.
Recall that the differentials of T (X) are given by (the sign depends on the degree of elements)
We can define the following morphisms in dgAlg k by universal property of F (X)
• The morphism S → F (X) takes s to 1 ⊗ 1.s.
• The morphim R → F (X) takes r to r.1 ⊗ 1.
• Notice that in F (X) we have by definition 1 ⊗ 1.s = 1.s = 1.s ⊗ 1 for any s ∈ S and similarly 1 ⊗ r.1 = r.1 = r.1 ⊗ 1 for any r ∈ R.
Lemma 2.3. The functor F : dgMod 0 R−S → dgAlg R−S is a left adjoint of the forgetful functor U .
Proof. In order to prove that F is a left adjoint, we check the universal property i.e., given a morphism f : X → U (A) in dgMod 0 R−S where A ∈ dgAlg R−S , there is a unique extension f : F (X) → A of DG R − S-algebras. By definition, the element 1 ∈ X goes to the unit e of A, such that f (r.1) = r.e and f (1.s) = e.s. The equivalence class of the tensor element
This morphism is well defined since f is a map of right DG S-modules. Thus, x 1 ⊗ x j ⊗ 1.s ⊗ x j+2 . . . x n and x 1 ⊗ . . . x j .s ⊗ x j+2 . . . x n have the same image. By analogy, elements of the form x 1 · · · ⊗ x i ⊗ r.1 ⊗ x i+2 . . . x n and x 1 · · · ⊗ x i ⊗ r.x i+2 . . . x m have the same image by f . Hence, f is uniquely defined. Moreover, any map g : F (X) → A defines, obviously, a unique map of DG R − S-bimodules g : X → U A. Therefore, there is an isomorphism of sets
Remark 2.4. Our construction of the functor F was inspired by a topological analogy. The adjunction between the category of pointed topological spaces and the category of topological monoids is given by the forgetful functor and James's functor as left adjoint, we refer to [9] .
2.3. Axiom IV, V and VI. [4, 3.5, 3.6, 3.8] These axioms are easy to verify. For the fourth Axiom, it is enough to take R cofibrant in dgAlg k , while the fifth Axiom holds if S is cofibrant in dgMod S , which is trivial since k is cofibrant in dgMod k . The last Axiom requires that the two maps defined below are weak equivalences.
• We need k c ⊗ S → k ⊗ S to be an equivalence of right S-modules, where k c is some cofibrant replacement of k in dgMod k . This is satisfied, since we can take k c = k.
• For any map R → S in dgAlg k , let R c be a cofibrant replacement of R in the category of DG R-bimodules. The map R c ⊗ R S → R ⊗ R S ≃ S is a weak equivalence of R − S-modules (in dgMod k in fact). In order to prove the statement, we use the a concrete model for the cofibrant replacement R c , which is given by the Bar construction B(R). Since R is cofibrant as DG R-module, then by [5, Proposition 7.5], the natural map B(R, R, S) → R ⊗ R S ≃ S is a weak equivalence in dgMod R−S . On the other hand, B(R, R, S) is naturally isomorphic to B(R) ⊗ R S. We conclude that the morphism R c ⊗ R S → S is an equivalence of DG R − S-bimodules. Lemma 2.7. Let R be a cofibrant DG k-algebra and M be a cofibrant DG R − Sbimodule such that M is zigzag equivalent to S as a right DG S-module. Then there is a map φ : R → S of DG-algebras and a weak equivalence M → S of DG R − S-bimodules (where the left action of R on S is induced by φ). Definition 2.9. Let S be a DG k-algebra, we say that S is a strict if the differential d −1 : S −1 → S 0 is identically 0. Definition 2.10. Let S be a DG k-algebra and 1 the unit element, a homotopy invertible element x ∈ S 0 is a cocycle such that there exists an other cocycle y ∈ S 0 with the property that xy − 1 and yx − 1 are boundaries Remark 2.11. If S is a strict DG k-algebra, then any homotopy invertible element is strictly invertible.
Lemma 2.12. Suppose that S is DG algebra where all homotopy invertible elements are strictly invertible. Then any weak equivalence S → S in dgMod S is an isomorphism.
Proof. Any S-linear morphism f : S → S is determined by the image of the unit 1. Since f is a weak equivalence and and S is fibrant cofibrant in dgMod S , implies that f has a homotopy inverse g. Hence f g(1) − 1 and gf (1) − 1 are boundaries. But by hypothesis on S, we have that f g(1) − 1 = gf (1) − 1 = 0 Remark 2.13. Till the end of the subsection, we will assume that R is a cofibrant DG algbera and S is a strict DG R-algebra 2.9.
Lemma 2.14. Let S a DG algebra as in 2.13, then the universal map of DG algebras S → F (S) is an isomorphism.
Proof. Recall that R ∈ dgAlg k and we have a map of DG algebras φ : R → S such that all homotopy invertible elements of S are strictly invertible. Take a representative element in F (S) of the form s 1 ⊗ · · · ⊗ s n . Since the chosen element 1 (not the unit in general) of S is strictly invertible, the element s 1 ⊗ · · · ⊗ s n can be reduced to an element of S by using only relations (1) and (2) in 2.1. More precisely
Hence, the map S → F (S) is an isomorphism.
Definition 2.15. Let I : dgMod 0 R−S → dgMod R−S be the functor defined as follows: I(X) is a two sided ideal of T (X) generated by the relations:
(1) x ⊗ 1.s − x.s for any element s ∈ S and any element x ∈ X where 1 is the image of the unit k → X. (2) r.1 ⊗ y − r.y for any element r ∈ R and any element y ∈ X By definition 2.1, it is clear that the quotient in dgMod R−S or dgMod k of T (X) by I(X) is isomorphic to F (X). Lemma 2.16. Let S be a strict DG k-algebra and let φ : R → S a map in dgAlg k which induces a left action of R on S. Let e be the unit of S and fix an invertible element 1 ∈ S. Then H * I(X) is generated by 1⊗1−1 as H * R⊗H * T (S)−H * T (S)⊗ H * S graded bimodule.
Proof. By definition I(S) is generated by elements x ⊗ 1.s − x.s and r.1 ⊗ y − r.y as DG T (S)-bimodule 2.15. Since 1 is invertible element, the second kind of generators r.1 ⊗ y − r.y can be reduced to the first kind of generators, more precisely r.1 ⊗ y − r.y = φ(r).1 ⊗ y − φ(r).y = φ(r).1 ⊗ 1.1 −1 y − φ(r).1.1 −1 .y which is of the form x ⊗ 1.s − x.s. Now, we suppose that φ : R → S is a fibration i.e. a surjective map, then any generator of the form x ⊗ 1.s − x.s can be written as
is not a fibration, we factor φ as a trivial cofibration followed by a fibration
Since the generators of I(S) are of the form x⊗1.s−x.s (do not depend on the action of R on S), we conclude that H * I(S φ ) and H * I(S φ2 ) for both actions φ : R → S or φ 2 : R → S are isomorphic. By definition, we have that H * R ′ → H * R is an isomorphism of graded algebras, we conclude that H * I(S) is generated by 1 Proof. First of all, since M is cofibrant we can reduce the problem to a trivial fibration of R − S-bimodules, namely we factor the pointed weak equivalence in dgMod 0 R−S as M X ։ S. It is sufficient to prove that F (X) → F (S) is a weak equivalence. Moreover, the point ν : k → S induces an isomorphism of DG right S-modules since S is distinguished (because X is distinguished by assumption) and has the property of the remark 2.13 and 2.9. The morphism f : M → S (which is a trivial fibration in dgMod 0 R−S ) has a section g in the category dgMod 0 S because k → S induces an isomorphism k ⊗ S → S in dgMod S since the chosen element in S is strictly invertible, more precisely, we have
where b is the isomorphism of dgMod S that takes the base point 1 of S to the unit e of the DGA S (cf 2.12), it follows that b • f has a section in dgMod S taking e to the base point of M , hence f has a section g in dgMod 0 S taking 1 ∈ S to the base point of M , i.e., f • g = id S .
This implies that the two sided ideal I(S) is generated only by elements of the form x⊗1.s−x.s. Hence, the morphism g induces a section T g of T f : I(S) → I(X) such that T g T f are restrictions of T g and T f .
For any trivial fibration of pointed DG R − S module f : X ։ S, we have the following commutative diagram:
satisfying the fallowing relations:
• T f : C → I(S) and T g : I(S) → C are weak equivalences and T f • T g = id I(S) .
• T f : I(S) → I(X) and T g :
. By universality of the pullback, we obtain that H * I(X) → H * C is an isomorphism hence T f : I(X) → I(S) is an equivalence. We have the following commutative diagram of short exact sequences in dgMod k
and by five-lemma (exact sequence with five terms), we finally conclude that the map F (X) → F (S) is a weak equivalence.
In order to verify the third axiom we have to prove that the derived functor of F : dgMod 0 R−S → dgAlg R−S preserves distinguished objects. Lemma 2.18 (Axiom III). Let R be a cofibrant DG algebra, and S a DG algebra such that all homotopy invertible elements are strictly invertible. Then the left derived functor of F : dgMod 0 R−S → dgAlg R−S preserves distinguished objects. Proof. It is a consequence of Lemma 2.14 and Lemma 2.17.
The Mapping Space
3.1. The fundamental group of Map dgAlg k (R, R) id . We denote the category of DG categories by dg − Cat, the existence of model structureà la Dwyer-Kan, was initially proved in [13] . In [14] , Toën gives a complete description of the mapping space of dg-categories. If R is a cofibrant dg-category and S any dg-category, the mapping space Map dg−Cat (R, S) is described as the nerve of the category of right quasi-representable R ⊗ S op -dg-functors [14, Definition 4.1]. In the particular case where R and S have just one object with the underlying DG algebras R and S , then the right quasi-representable R ⊗ S op -dg-functors, are exactly, the R − S-bimodules which are (zig-zag) equivalent to S as right S-module. In [4, p.15] , such R − Sbimodules are called potentially distinguished modules. The nerve of the category of potentially distinguished modules is denoted by M R,S and if R = k we denote it simply by M S . Notice that if R is cofibrant in dgAlg k then R is cofibrant in dg − Cat. We summarize the previous discussion in the following Lemma.
Lemma 3.1. The moduli space M R,S is equivalent to Map dg−Cat (R, S) and M S is equivalent to Map dg−Cat (k, S), where R (resp. S and k) is the dg-categorie with one object an the underlying endomorphim DG algebra R (resp. S and k). [Base points] If φ : R → S is a morphism of DG algebras, the moduli space M R,S is pointed at the object S which is a canonical distinguished object equivalent to S as a right S-module and has a structure of R − S-bimodule via φ. The corresponding base point of Map dg−Cat (R, S) is the morphism φ. By the same way, the moduli space M S is also pointed at the object S, and the corresponding base point of Map dg−Cat (k, S) is the unit morphism k → S. Finally, the base point of the space Map dgAlg k (R, S) is the morphism φ. Now, we are ready to introduce the Dwyer-Hess fundamental Theorems [4, Theorem 3.10 and 3.11] in the context of dgAlg k . Theorem 3.3. Let φ : R → S be a morphism of DG algebras (such that S is a strict DG k-algebra 2.9) . There exists a fiber sequence
or equivalently, the fiber sequence:
Proof. Since the categories dgMod k , dgAlg k and dgMod R−S verify the six Axioms (2) for any cofibrant DG k-algebra R and any strict DG k-algebra S. Hence, there is a fiber sequence Map dgAlg k (R, S) → M R,S → M S by [4, Theorem 3.10] . For the second fiber sequence, we apply Lemma 3.1.
Remark 3.4. Notice that the homotopy limits in dgAlg k and dg − Cat * (where dg − Cat * is the full subcategory of dg − Cat such that all categories have only one object) are the same and the fact that the mapping space commutes with homotopy limits, we have a more general result:
is a fiber sequence for any cofibrant R and any DG k-algebra S which is homotopy limit of strcit DG k-algebras. Unfortunately, we don't know if any DG k-algebra is a homotopy limit of strict DG k-algebras. Theorem 3.5. Let R be a strict DG k-algebra, then there is an exact sequence of groups
where
⋆ is the group of units of HH 0 k (R) and H 0 (R) ⋆ is the group of the units of the ring H 0 (R).
Proof. By Theorem 3.3, we have the fiber sequence
Therefore, applying the long exact sequence of homotopy groups (starting at level one), we obtain [14, Corollary 8.3] , we have that
By [14, corollary 4.10], we have that for i > 0.
Corollary 3.6. Let R be a DG algebra such that H −1 (R) = 0, then
3.2. Higher Homotopy Groups of Map dgAlg k (R, S) φ . In this section, we give a complete description of the higher homotopy groups of the mapping space of the model category dgAlg k .
Theorem 3.7. Let ν : k → S be the unit, and φ : R → S a map of dgAlg k and S is a strict DG k-algebra. There is a fiber sequence of spaces:
where S φ is seen as R-bimodule via φ.
Proof. It is a consequence of 3.3 and [4, Theorem 3.11].
Theorem 3.8. For any map of DG algebras φ : R → S such that S is a strict DG k-algebra, there is a long exact sequence of abelian groups
Proof. Let ν : k → S be the unit morphism. We loop the previous fiber sequence 3.7 and obtain a new fiber sequence
Since the model categories dgMod R−R and dgMod k are stable and in particular pointed, the map
induces a morphism of abelian groups
By 0.2 and Definition 0.4, there is an isomorphism of groups
and by 0.6 π i ΩMap dgMod k (k, S) ≃ H −i−1 (S). Therefore, applying the Serre exact sequence to 3.1 we prove our theorem. 
Applications
In all our application we assume that S is a strict Dg k-algebra.
4.1.
Infinity loop space. The first evident consequence of 3.7 is the extra structure on the double loop space of Map dgAlg k (R, S) which is summarized in the following result.
Corollary 4.1. Let φ : R → S a map of DG algebras, such that S is connective, then Ω 2 φ Map dgAlg k (R, S) is an infinity loop space. Proof. Since π i Map dgMod k (k, S) vanishes for i > 0 and Map dgMod R−R (R, S φ ) is an infinity loop space because dgMod R−R is a stable model category. Hence, by Theorem 3.7, we conclude that
is an infinity loop space.
4.2.
Derivations. We make a connection with the theory of derivations of DG k-algebras. Let R be in dgAlg k and M a DG R-bimodule. We define a new DG Ralgebra R⊕M , called a square zero extension as follows. It is the DG algebras whose underlying complex is R ⊕ M and whose DG algebra structure is the obvious one induced from the trivial multiplication on M , i.e., m.m ′ = 0 for any m, m ′ ∈ M. The map φ : R → R ⊕ M is the obvious map of DG R-algebras. In [3] , the authors use the inverse gradation, i.e., the differentials are of degree -1. According to the long exact sequence described in [3, 3.14] and their notations, if M is coconnective then, Der Let S ∈ dgCAlg k , and let φ : R → S be a morphism of DG algebras, then it induces a morphism φ : Ab(R) → S in dgCAlg k .
